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n 3 


Now take the plane of the base of the prism for the xy-plane of coor- 
dinates, and a perpendicular at O for the z-axis. Let », « denote the polar 
coordinates of the vertex P, with reference to O as pole and OX as initial 
line. The central angles subtended by the sides of the polygon are all equal 


and each equal to a hence the rectangular coordinates of the successive 
vertices are 


for P;, *;=pcos4, sin, 


for cos(«+2"), Yo=p sin(«+2"), 


for Ps, sin(«+"*), 


). 


for Pr, cos(4+ 
Let 
xcos 4+ ycos »-+zcos ¥—p=0 


be the equation of the plane of the upper base of the truncated prism, then 


—xcos 4A—ycos 
cos ¥ 


The length of any edge e+: is found by substituting in z for « and y 
the coordinates %x+1, Yx+1 Of the corresponding vertex of the base; hence, 


cos («+ —Pp cos sin (4 


k+1 cos V 


If we develop cos («+ and sin(a+ and combine the result- 


ing terms in cos ahs and sin, respectively, we obtain 


»(cos 4 cos 4A—sin 4 cos 2k z 
) 


Ck+1= 


cos cos 


__ (sin 4 cos A—cos cos +) sin 
cos n 
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But p is the perpendicular distance from O to the plane of the upper 
base and ¥ is the angle between this perpendicular and OZ or h, hence 


Again, the coefficients of cos * and do not involve k, 


they are the same for every edge, eres Pe, them by A and B, 
respectively, we have 


and we obtain for the sum of all the edges 
+A (cos 0-+e0s + cos * 
2(n—1) = 


+ B( sin 0+sin ). [7] 


n 


The series in the parentheses of [7] may be summed, as follows: 


2cos 0.sin —= sin — + sin —, 
n n n 


2cos —. sin —-= sin —— sin —, 
n n n n 
sin —= sin sin 
2 cos 2(n—1) = ee sin (2n—1) =_ sin (2n—3) = 
n n n n 
Adding, 
2(n—1) = (2n—1) = 
2 sin ~(cos0 + cos Ponce +eos = 
But 
Boke (2n—1) = (2n—2) = 
sin sin ——— = = =0, 


since sin———=sin 7=0, 
2n 


| 
| 
! 
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hence 
27 2(n—1) = _ 
cos 0+cos + cos =0, [8] 
Again, 
2sin 0 .sin * —0, 
n 
Onin? sin —-= cos cos 
n n n n 
sin cos cos 2, 
n n 
n n n n 
Adding, 
n n n 
hence, also, 
sin sin — nt" «+ ain [9] 


With the values [8] and [9] equation [7] becomes 
+e, +e, +.., +er—nh, 


and this value of nh put in [6] gives 


(er: +... ) 
n 


that is, 

The volume of any truncated regular prism is equal to the product of 
the area of its base by the arithmetic mean of the edges. 

As a limiting case of this theorem we obtain the well known rule for 
finding the volume of a truncated right circular cylinder. 

The above proof could have been somewhat shortened, by choosing 
the x-axis so as to pass through one of the vertices of the base of the trun- 
cated prism. In that case «=0 from the outset. 


e 
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TWO THEOREMS IN THE GEOMETRY OF CONTINUOUSLY 
TURNING CURVES. 


By PROFESSOR O. D. KELLOGG, University of Missouri. 


The simple theorems given in the following pages were found neces- 
sary in investigating the continuity of certain line integrals occurring in the 
theory of logarithmic potentials.* They are thought to be interesting 
examples of the arithmetization of geometric theorems which are by 
no means self evident but which admit of an easy analytic proof. 

We shall be concerned with a single closed curve, C, without double 
points and with continuously turning tangent. 

Arithmetically. We shall be concerned with a pair of functions, x(s), 
y(s), such that, 

(a) «(st+nl)=2(s), y(s+nl)=y(s), (st+nl)=2'(s), y'(s+nl)=y'(s), 
where / is constant and n is any integer; 

(b) x'(s) and y'(s) are continuous; 

(c) (s) +y?(s)=1; 


(d) The equations y(t) =y(s) | have no simultaneous solution, (t, s), 


except t=-s+nl. 

From the above hypotheses follows the ern: continuity of «(s), 
y(s), x'(s), y'(s). 

We pass now to the theorems, giving them first a geometric form, 
then changing this to the arithmetic form and supplying the, proof. 

Theorem I. It is possible to describe about any point of the curve, C, a 
circle which shall cut from C at most one segment, namely, that passing 
through the center of the circle; moreover the same radius may be made to 
serve for the circle at all points of C. 

Let us write 


where here and always in the following, the positive square root is meant. 
-The function + (t, s) is continuous in both variables; it therefore 
attains its maximum, R, say, for t=tn, s=sm. Choose0<r<R/2,. Then 
for fixed t, the equation » (t, s)=7 has a solution; for » (t, t)=0, and as 


p (t, Sm) +p (t, tn) > (tm, Sm) =R, 


either p (t, sm) or  (t, tn) is greater than R/2 and hence thanr. Thus the 


*See ‘Potential Functions on the Boundary of their Regions of Definition,” Transactions of the American 
Mathematical Society, Vol. 9, No. 1, pp. 43 and 49. 
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continuous function p (t, s)—7, which is positive for s=t and negative at 
either s=t,, or s=s, must vanish at some intermediate point. 

Calling s—t=h, the equation p (t, t+h)=r has a first positive solution 
h=P(t, r), and a first negative solution h=N(t, r). Our theorem I may 
now be stated arithmetically: 

It is possible to choose r, independent of t, so small that the inequality, 


p (t, s)<7, (1) 
holds only for values of s and t satisfying the inequalities 


N(t, r)<s—t+nl<P(t, r) | 
i.e, N(t, r)<h+nl<P(t, r) (2) 


Passing to the proof, we observe first of all that » (t, N(t, r))=r and 
(t, p(t, P(t, 7))) =r, and we shall be concerned with choosing r, independent- 
ly of ¢ so that, first, as h+nl passes out from the interval N(t, r) <h+nl< 
P(t, vr), v (t, t+h) becomes greater than r, and secondly, that it remains so. 
As for the first, » (t, t+h) for fixed t, increases with |h|. For 


(t, t-+h) 


h 


(t+h.h)y(t+h) (057, <1, 0< <1). 


This function approaches 1 as h approaches 0, and as «'(s) and y’(s) 
are uniformly continuous, we can find a positive quantity, p, such that the 
function is positive so soon as | h | <p, and this independently of t. For h 
so restricted we have 


Qpap 0p 
whence has the sign of h, 


so that p(t, t+h) increases with |h| for | h| <p, as stated. Let now r, 
be the minimum of the continuous function of ¢, ¢ (t, t+), in the closed 
interval 0<t¢<1. This minimum is actually attained, and cannot therefore 
be 0 because of hypothesis (d). If now as a first restriction upon r we 
make it less than 7,, the inequality (1) cannot hold in either of the intervals 


—p<h<Nit, r), P(t, r)<h<p, 


and hence in any of the intervals, 


‘ 
| 
q 
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—pcht+nl<N(t, r), Plt, r)<h+nl<p. 


As for the second part of the proof, that the inequality (1) cannot 
hold outside the interval from —p to p (except for values of h congruent to 
values within the interval, modulo 1), we shall find it convenient to restrict 
ourselves to a fundamental region of the periodic function p (t, s), namely, 
0<t<1,0<s<1. Every point (t, s) not already considered, that is, not sat- 
isfying the inequalities 


—p<s—tinl<p 


has a representative point (for which the function has the same value) in 
the subregion 


OSS1, 


But this is a closed region, and in it p (t, s) cannot vanish, by hypothesis 
(d), the function therefore has a positive minimum r;. If now r be also 
taken less than 72, p (t, s)>7.>~r7 for all points of the region considered. 

It has thus been shown that if r<7,, and r<7ro, condition (1) can 
only hold when t and s satisfy the inequalities (2), as was to be proved. 

Theorem II. Jf normals be drawn to the curve C at all points of an 
arc of length 24, and if segments of length 3 be measured off upon these nor- 
mals to either side of C, a circle can be drawn with center at the mid-point 
of the arc of C considered, such that the entire surface of the circle will be 
covered by the segments of the normals; moreover one choice can be made for 
the radius of the circle which will hold for all situations of the are upon C. 

Arithmetically this may be stated: Given « and #4, we can find r, in- 
dependént of t, and such that for any point (5, 1) satisfying the condition 


PG, +h <r, 
the equations 
=a(t+h)—Ay'(t+h), (3) 
4=y(tth) —A2'(t+h), (4) 


admit of at least one solution, (h, 4), where |h| <4 and |4| <A, 
Evidently if proved for one < and 4, the theorem holds for every 
greater pair of values. We shall therefore replace them by a single num- 
ber, 2”, smaller than either, and also less than p of the diame es para- 
graphs. Then r satisfies the requirements of the theorem if 


r<r;/8, (5) 


where r, is the minimum of p(t, t+n). To prove it we consider the function 
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(5, tt+h) —r3/4. 


This is a continuous function of h, and for h=0 it is negative because of (3) 
and (5). On the other hand, it is positive for h=n and-also for h=—n, as 
we proceed to show. By the definition of r;, e(t, t+n) 273, and since 


p(s, 0; t) +e(§, 4; t+n)>e(t, t+n) 
we have 
e(§, 1; t+-n)>r,—e(§, 0; t), 


and as by conditions (3) and (5), e(&, 7; t)<r<r,;/38, we have 


e(§, 0; t+n)>2r,/8. 
Hence 
(5, 4; t+h)—r?/4>0, 
for h=n, and similarly for h=—n. 

It follows that this function vanishes at some point h-=h' between 0 
and n, and also at some point h=h” between 0 and —n. But its derivative 
is also continuous and hence, by Rolile’s theorem, vanishes at some point be- 
tween h=h' and h=h", say h=nh: 


[F—a(t+h) ]a'(t+h) +[n—y(t+h)]y' (t+h) =0. 


As x’? (t+h) +y2(t+k)=1, both «'(t+h) and y'(t-+h) do not vanish; to fix 
ideas, suppose the first is different from 0. Putting the ratio 


4—y(tt+h) 
x (t+h) 


equal to*, 


we have: 
y=y(t+h)+ ra’ (t+h), F=a(t+h)—y'(t+h), 


showing that h and * are a solution of the equations (4). It is at once clear 

that h obeys the restriction laid upon it. To see the same for *, transpose 

in the above equations the first terms on the right, then square and add. 

The result is 

t= 0; t+h). 

But 
1; t+h) t) t+e(t, t+h), 


in which 1; t)<r<r,/3, and because p(t, t +h) increases as | h | 


increases, p(t, t-+h) <p(t, t+n) 
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| < 4r,/8, 


that is, since 7, is the chord belonging to an arc of length n, |* | < 4n/8, 
and hence <2n, and the theorem is proved. 

It does not of course follow from the above that through a given point 
of the surface of the circle only one normal passes. Indeed if part of the 
curve C be of the form y=2'!, which has infinite curvature at the origin, 
and yet has a continuously turning tangent, it is clear that there are points 
as near as we please to the curve through which there are three normals, all 
belonging to as short an arc of C as we please. A corollary to theorem I, how- 
ever, supplies us with a uniqueness theorem which is often just as useful in 
the applications:* 

The chords of the circle in theorem I which are perpendicular to the 
tangent at C at the center of the circle, cut C but once. In other words, if in- 
stead of taking a little field of normals about a point of C, we take a field of 
straight lines through the points of a limited arc of C and parallel to the nor- 
mal to C at the mid-point of the arc, these lines will cover just once the sur- 
face of a little circle. 

The equations of one of these parallels to the normal to C through the 
point x(t), y(t) will be 


y(t), 
7=y(t) y'(t) (t), 


where © is the distance of the parallel from x(t), y(t), andv isa a parameter. 
Arithmetically therefore, the theorem may be stated: 
The equations 


y(t+h)=y(t) 


admit of only one solution for which p(t, t+h) <r. 


To see this, eliminate ». We find that we have merely to show that 
the function 


F(h) =a' (t) [a(t+h) +y' (8 [y(t +h) —y(t)] 
has at most one solution for which p(t, t+h)<r. But 
F" (h)=«' (t)a' (t +h) ty Oy (t+h), 


which we have previously seen to be positive for | h | <p, and this includes 


*See Liapounoff, Sur certaines questions qui se rattachent au probleme de Dirichlet; Journal de Math. Liou- 
ville, 1898. The author makes an hypothesis upon his bounding surface which the above reasoning, carried out for 
space, would show to be unnecessary. 
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all values of h corresponding to p(t, t+h)<r, and hence F(h), being an al- 
ways increasing function in the interval, can vanish at most but once. We 
omit the simple proof that if <r and if r is small enough F'(h) does vanish 
once. 


DIVISIONS OF AN ANGLE INTO EQUAL PARTS BY MEANS OF A 
TRANSCENDENTAL CURVE. 


By J. S. BROWN, San Marcos, Texas. 


The problem of trisecting an angle by means of the cardioid is capable 
of a much more general setting as follows: 

Given CAE an isosceles triangle, AC=AE, angle A=; also given a 
point H in AE such that angle HCE=n.°. Required, the locus of H if AC 
is fixed and AE rotates in the plane about A. £ will describe a circle with 
A as center and AEF as radius, as indicated in the figure. 

Draw CL perpendicular to AE; angle LCE=30; CK=CHcos(n—3) 8, 
and CK=ACsin?. Then 


ACsin 
CH (1) 
which is the polar equation of the locus of H when C 
is taken as origin and AC is the axis of reference. 

By assigning the successive values 4, 1, 14, etc., 
to n the particular equations of the curves by means 
of which subdivisions one-half, one-third, etc., of an 
angle can be constructed, are found. 

As an example, suppose it is desired to find the equation of the curve 
by means of which an angle with A as vertex and AC as one side, can be 
trisected; for example, angle BAC. 

It is evident that in this case n=1. Substituting this value of n in 
the general equation, we find 


ACsin? _AC.2sing 9. cos} 4 


CH =AC.2sin3 9. (2) 


Suppose AHC to be the curve for this value of n, and let H be the 
point: where BC cuts this curve. Draw AHE. The angle CAE=3CAB, 


for angle BCE=?@ and angle BAE=29. 
Evidently, this curve corresponding to (2) is the cardioid, though the 
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form of the solution here used is quite different from the usual method of 
trisection by the cardioid. 

In this manner the curve corresponding to any value of as above in- 
dicated can be found. By means of an instrument constructed on the prin- 
ciple which governs the relative rates of motion of the hands of a clock, any 
of these curves can be accurately drawn. 

The hypocycloid curve may also be used for the purpose of general 
equi-section of an angle, as appears in the following: 

Given OB the radius of a circle, and suppose 


B=r= where 360 and k is the number 


of equal parts into which it is required to divide the 
angle 9, 

B and B’ are two consecutive points common 
to the hypocycloid and the circumference of the cir- 
cle whose center is O, the rolling circle having the 
radius O'B=r. It is evident that the angle BOB’=- 
0/k. To find the equation of the curve, let B be the origin, BH the X-axis, 
BO the Y-axis, ¢ the angle BOC, P a point on the curve, x=BD and y=PD. 
Then y=MF+FH—ML=r+FH-ML. 

But ML=rcos(kn—1)¢, FH=(BD+DH )tan3¢, 
DH=PL= ‘sin (kn--1)¢. 

Hence, the equation 
of the hypocycloid, in which it may be noted that angle PMC=k.n.¢. 

While the equation is general, the construction of the curve can be 
made only when the ratio of the given angle to the perigon is known. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


290. Proposed by G. I. HOPKINS, M. A., Manchester, New Hampshire. 


A and B are 45 miles apart and travel towards each other. - A goes 
one mile the first day, three miles the second day, five miles the third day, 
and soon. B goes two miles the first day, four the second, six the third, 
and soon. In how many days will they meet? What interpretation i is to be 
placed upon the negative value of n? 


Solution by THEODORE L. DeLAND, Treasury Department, Washington, D. C. 
Let n=the required number of days for A and B to meet. When a, 
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d, and n are given in an arithmetical progression to find s we have 


s=n[2a+d(n—1)]/2. (1) 


When for A we have a=1, and d=2, we have from (1), s=n[2+2(n—1)]/2 
=the distance traveled by A. When for B we have a=2 and d=2, we 
have from (1), s=n[4+2(n—1)]/2=(n?+n) =the distance traveled by B. 


”.2n? + n=45; whence n=4.5 or —5. (2) 


When n=4.5, n?=20.25=distance traveled by A. We then have 
(n?-+n)=24.75 =the distance traveled by B. Or 20.25+-24.75—45. 

When n=-—5, n*>=25=distance traveled by A. We then have 
(n®? +n)=(—5)*?+ (—5) =25—5==20=the distance traveled by B. Or 25+ 
20=45. 

The positive value, 4.5, and the negative value, —5, may be interpret- 
ed as follows: Draw a circle 90 miles in circumference, and let A stand at 
N, the north pole, and, B at S, the south pole, 45 miles from each other, 
measured on either semi-circumference. In the 44 days A will walk 20.25 
miles from N along the eastern semi-circumference until he meets B who 
has walked 24.75 miles from S along the eastern semi-circumference. A’s 
position is now southeast from N, 81°; and B’s position is now northeast 
from S, 99°; or they are theoretically at the same point. In the —5 days, or 
5 days ago, A and B were theoretically at the same point on the western 
circumference 100° from N or 80° from S, A walked towards N and traveled 
25 miles, while B walked towards S and traveled 20 miles, then A is at N, 
and B at S. 


Note. This problem was also solved by J. E. Sanders, who obtained as a resuilt 4,4 days. Since at the end of 
the 4th day the two men are 9 miles apart, Mr. Sanders assumes that A, who would travel 10 miles the 5th day pro- 
vided hé kept up the law of travel of the four previous days, would, in the time, ¢, travel 10¢, and B on the same 
conditions would travel 9¢; and, therefore, both would travel 19t=9 miles. Whence t=;%. Hence the whole time is 
4% days. Mr. Sanders interprets —5 days as the answer to the problem, “A and B are 45 miles apart and travel to- 
wards each other. A goes 1 mile the first day, 3 miles the second day, 5 miles the third, and so on. B goes 0 miles 
the first day, 2 miles the second day, 4 miles the third day, and soon.”” While Mr. Sanders’ interpretation, as well 
as that of Mr. DeLand, is ingenious, and perhaps also correct, yet such interpretations seem to be strained. By the 
insertion of a few words, one would obtain the same set of results while the interpretations would fail to interpret. 

Thus, Suppose the men were restricted to walk on the straight line joining them. This would nullify Mr. De- 
Land’s interpretation as to their traveling in a circle. In the case A and B are to travel in a straight line joining 
them, 4% days as given by Mr. DeLand, is the most satisfactory, and he has furnished, in a letter to the editor, 
some very convincing arguments drawn from practical interpolation formulae to support his view. However, what- 
ever interpretation lawyers and judges might put on similar problems involving similar principles when applied to 
government bonds, ete., yet the universal testimony of the best mathematicians would be to the effect that 
the problem is indeterminate, for the statement of the problem is silent as to the rates of travel of the two men on 
the respective days, Mr. Sanders assumes that, on the fifth day, they travel uniformly, while Mr. DeLand assumes 
that A travels 4.75 miles, and B 4.25 miles in the forenoon, and were they to keep up the law of travel as on previous 
days A would travel 5.25 miles and B 4.75 miles in the afternoon. Any other conceivable rate of travel each day 
might be assigned. The problem only requires them to travel a certain number of miles each successive day, but 
leaves the rates of travel to the ingenuity of the interpreter. 

As to negative results, there is some diversity of opinion among good algebraists. Thus, for example, 
C. Smith, Treatise on ~ie e P. 258, says, “It should be remarked that a negative value of n cannot mean a num- 
ber of terms reck d back ”? while Hall and Knight, Higher Algebra, page 33, in their solution of the prob- 
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lem, ‘How many terms of the series —9, —6, —3, ..., must be taken that the sum may be 66,” say, “If we begin at 
the last of these terms and count backwards four terms, the sum is also 66.”’ 

Fine, College Algebra, page 355, gives the following example: “‘Given d=}, 1=3, s=—'}; find a and n.”’ In ref- 
erence to the two values of , viz., 10 and —3, ‘Professor Fine says, “The value of n=—3 is inadmissible.” So say 
Fisher and Schwatt, Higher Algebra, page 382. But they say such results may be assumed to mean that the terms 


be counted backwards. 
The weight of authority seems to be that in such problems negative and fractional values are uninterpretable. 


Ep. F. 


GEOMETRY. 


324. Proposed by FRANK LOXLEY GRIFFIN, S. M., Ph. D., Instructor in Mathematics, Williams College, 
Williamstown, Mass. . 


Find all plane curves such that the normal lengths intercepted by the 
co-ordinate axes are in a constant ratio for all points. 
Solution by PROFESSOR C. E. WHITE, Nashville, Tenn., and the PROPOSER. 


Let f(x, y) =0 be the equation of the required curves. Then the nor- 
mal at the point (x, y) has the equations: 


Ox dy 


where (£, 7) is any point of the normal, » the distance from (x, y) to (¢, 7), 


Of \2 /of\2 
and R= + The normal length intercepted by the axes, «=0, 
and y=0, are the values of » for -=0, and for 7=0, respectively. Thus, 


dy 
By hypothesis, or 
_ key 
(1) 
Ox dy 


0 
But, since dy=0, 
(2) 


whence, c being an arbitrary constant, 


+ky*=c. 
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The required curves are, then, the central conics:—ellipses if the nor- 
mal meets the two axes on the same side of the curve; and hyperbolas, if on 


opposite sides of the curve. The given property might be taken to define 
the central conic sections. 


Also solved by G. B. M. Zerr. 


CALCULUS. 


254. Proposed by H. S. PARDEE, Boston, Mass. 
A wire is wound in the form of a helix. Assuming that sections of 


- the wire perpendicular to the axis of the wire are circles, find the equation 


of a section of the wire perpendicular to the axis of the helix. 


Solution by DR. E. SWIFT, Princeton, University. 


The shape of the wire after bending may be changed or distorted. 
The simplest assumption is that after bending, a section perpendicular to the 
helix is still a circle, say, of radius R. In this case, the surface of the wire 
may be regarded as the envelope of a family of spheres, whose centers are 
on the wire and whose radii are all equal to R. We may write the equation 
of the helix as 
x=acost 
y=asint 
=ct 


where t is parameter, a and c constants depending on the shape and size of 
the helix. The family of spheres has then for its equation, 


(a—acost) ? + (y—asint) ? + (z—ct)?=R?®. (1) 


To find the envelope we differentiate (1) with respect to ¢ and elim- 
inate t from (1) and the resulting equation. To find the equation of the sec- 
tion by a plane perpendicular to the axis, here the XY-plane, we must set 
z=0. If we do this before eliminating t, we obtain the equation of the plane 
section in the parametric form 


(x—acost) * + (y—asint) + (—ct)*=R°* 


asint (a—acost) — acost(y—asint) +c? t=0 


and these equations show that the section is the envelope of circles whose cen- 
and whose radii are (R* —e*t*). 

It is possible to solve these equations for « and y in.terms of t. Ex- 
panding them, we have 


ters lie on the circle 
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a°—2axcost+y* —2aysint+a?+c°t?—R?= (3) 
axsint —aycost + c*t=0 


or 


(2? +y?) =2a(xcost+ ysint) (4) 
2c? t=2a(—asint+ycost) 


Squaring and adding, we have 
(x? + +2(a? (a? +07?t? —R*?) +(a?+c°t? —R’)* +4c*t? =4a? (x? + y?) 


a quadratic equation for «*+y*, or the square of the radius vector r. And 
x—=rcos > 
y=rsin > 
Putting for x and y, rcos¢ and rsin¢, respectively, in the last of equations 
(4), we have 


if we use polar coordinates, , this equation enables us to find r. 


ct 
ar* 


c’t=arsin(¢—t), or ¢=t+sin 


The equations of the curve are then 


[2V (a? R? —a’c?t? --c*t?) =t+sin 


Also solved by G. B. M. Zerr. An incomplete solution was received from the Proposer. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


145. Proposed by J. D. WILLIAMS, being the 12th of his fourteen challenge problems proposed in 1832. 


Make +y?=0, cube, xy =2x?, 2(a+y) O, and 
(x* +y*) (a? +y*) — Vv +y*?) =o. 


Solution by DR. E. SWIFT, Princeton University. 


If +y?=0, we must have y=(*—7*)k, where £, 1, k are 
integers. Then +y?=k* +7?]?, 

If $ of this=a cube, evidently it must be of the form 4x 25 Xa cube, or 
k(&* +7?) is of the form 2X5 Xa cube. 

Since xy=2x°, either, a) or, b) y=2z?. 

If a) is true, y=) +y?) and must be of the form 25 Xa cube. 

x=0 satisfies the last condition; it remains to satisfy the third, which 
reduces to 2y=0 

Since y-<200?. the least value of a which makes 2y? square is 5, and 
y=10 X 125=1250. 
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The values x=0, y=1250 are the smallest values satisfying the condi- 
tions when «=0. The complete solution is <=0, y=1250a‘, a being any 
number. 


If «+0, y=2x*, and we must have, putting in the values of x and yin 
terms of and 4, 


(5? k=45?74°k*, or —4?=4k5?7?, 


a second relation between = and 7. But this is evidently impossible, if and 
7» have integral values, as is necessary if x and y are to be integral; 
for transposing £*==4* (4k=*+1)>&*. The only integral solutions, then, are 
x=0, y=1250a*. 

147. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


If 4n+3 is prime, 2(1.2.3...4n) +1=0 (mod. 4n+8); and conversely. 
If 4n+8 is prime, (1.2.3...2n)*—4=0 (mod. 4n+8) ; and conversely. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 

By Wilson’s Theorem, 1+ (4n+2)!=0(mod. 4n+3). 
“1+ (4n +2) (4n+1) (4n)!=0(mod. 4n + 3); 

1+ [4n(4n+8) +2] (4n)!=0(mod. 4n+3). 
14+ 2(1.2.3.4...4n) =0(mod. 4n+8). 
By a corollary to Wilson’s Theorem, [(2n+1)!]*?—1=0(mod. 4n +38). 
4n+8); 

[n(4n+8) +n+1] [(2n)!]? -1=0(mod. 4n+-3). 
.4(n+1) [(2n) !]?—4=0(mod. 4n+8). 
(4n+8) [(2n) + [(2n)!]? —4=0(mod. 4n+8). 
(1.2.8.4...2) * —4=0(mod. 4n+8). 
The converse follow at once. 


AVERAGE AND PROBABILITY. 


192. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 


A point is taken at random in a square whose side is 2a. With this 
point as center and radius=a a circumference is described. What is the 
mean area of that part of the circle which lies within the square? 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


By considering the square AO, } the original square AC, all possible 
positions of the circle are taken. Let P, Q be the center of the circle, P 
taken in the quadrant of a circle radius a, center A, and Q taken in AO 


| 

{ 
4, 
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without this quadrant. Coordinates of P, (Pa, Pb)=(x, y); coordinates of 
Q, (QT, QS)=(u, v). 
Then G== a?—area of segment on [H—area of segment on FE is the 
area of Q required. 
K=+sARx AN+area of segment on RN 
is the area of P required. 
Let ZTQF=9, ZIQS=¢, ZNPa=y4, 
ZRPb=p. 
u=acos §, v=acos¢, x=acos/, y= 
acosp, AN=acosp+asin¢’, AR=acos ¢+ 
asin p, Z RPN=37/2—¢—p. 
=(z—0—¢+sIin cos +sin ¢ cos ¢) a’; 
K=3(3 7/2—¢—p-+ecosp sine+cos¢ sin? + 
2cos cos 
The limits of 4 are 4*—¢ and 0; of ¢, 0 
and 47; of ¢, 4*—v and 47; of », 0 and 4z. Then 4, the required average 
area, is 


Ca*sin sin? d ¢ fix Ka?sin p sin 


=f, f Gsin ¢ sin?d¢ Ksinp sing dp d¢ 
0 ™—p 


=(—$2)a*, ¢ and p having the same limits, ¢=p. 


MISCELLANEOUS. 


155 (Incorrectly numbered 151). Proposed by W. J. GREENSTREET, M. A., Stroud, England. 


Sum the series "cosee( 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


r=1 4m 


| 

4 

i 
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1 sin2? sin 4 


—1 2r-—1 
) sin ) 


=cosec2 | cot ( 26 ) cot( = +20) 


But cosec cosec 420), 
2m 2m 


| cosee( om eosee (“5 om +20) | =(, 
2r—1 


r=m—1 
From trigonometry, sin = = 


Differentiating both sides, and reducing, we get, 


r= 


Lr 
fi cot +¢4 ) =meotm ¢. 


Let and also +2 6, Then we get, 


S=eosee2 6°3" | cot ( om 20) co | ae 


==meosec2 cot —20 


) —cotm +26 ==2mcosec2 6 tan2m 4. 


Also, sec (4 +0 ) sec ) =2mceosec2 tan2m above. 
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=cosec2 6 = | cot +0 

r=1 4m 4m 

2r—1 2r—1 

+ cosec —cosec | |. 

ae 
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This follows because 


sec +6 )=eosee ). 
4m 4m 


PROBLEMS FOR SOLUTION. 


GEOMETRY. 


333. Proposed by J. B. MORRELL, Boulder, Colorado. 
Exhibit the fallacious argument to prove that a right-angle is equal to 
an angle which is less than a right-angle. 
334. Proposed by J. 0. MAHONEY, B. E., M. Sc., Central High School, Dallas, Texas. 
Through any point P in the plane of the triangle ABC, draw a line 
that shall divide the perimeter of the triangle into two equal parts. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


152. Proposed by H. S. VANDIVER, Bala, Pa. 
Prove geometrically: 

4(p—1) n® p—3 4(p—4 k 
| vnp , where p=3(mod. 4) and | 

represents the greatest integer in k/p. 


AVERAGE AND PROBABILITY. 


196. Proposed by R. D. CARMICHAEL, Anniston, Ala. 

_ A circle is inscribed in a square. Find the chance that the distance 
between two points within the square and without the circle shall not exceed 
a side of the square. 

197. Proposed by HENRY HEATON, Belfield, N. D. : 

Solve No. 188 on the supposition that all lines having the same direc- 
tion are equally distributed in space, and lines passing through the same point 
are distributed as the radii of a sphere drawn to points equally distributed. 


MISCELLANEOUS. 


177. Proposed by R. D. CARMICHAEL, Anniston, Ala. 
Sum the infinite series: 
n' x3 + ot, 
(a) sina —s— cosr+ 


3! 
cosx —naxsina— cosx + sina ++ qr 
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NOTES AND NEWS. 


The next summer meeting of the American Mathematical Society will 
be held at the University of Illinois, September 10-11, 1908. 


Professor Oscar Bolza, of the University of Chicago, leaves at the close 
of the present session for a year’s leave of absence in Europe. 


Dr. J. H. McDonald, of the University of California, has been 
advanced to an assistant professorship in Mathematics for the coming year. 


Associate Professor Kurt Laves of the Department of Astronomy, Uni- 
versity of Chicago, is on leave of absence for a year from last April and is 
spending his vacation in Berlin. 


. Dr. N. J. Lennes, of the Massachusetts Institute of Technology, has © 
been appointed to give instruction in Mathematics in the summer school at 
Chatauqua, New York, July 5th to August 14th. 


_ At the summer session, 1908, of Columbia University, courses will be 
offered in Solid Geometry, Trigonometry, College Algebra, Analytic 
Geometry, Differential and Integral Calculus, Modern Higher Algebra, 
Differential Equations, Advanced Calculus, and Theory of Functions of a 
Complex Variable. 


At the thirty-seventh annual session of the Kentucky Educational 
Association, to be held at Frankfort, Kentucky, June 16 to 18, 1908, Profes- 
sor A. L. Rhoton, of Georgetown College, will be chairman of the mathe- 
matical section, and papers will be read on the Teaching of High School 
Mathematics by numerous representative teachers of the state. 


BOOKS. 


Elementary Algebra for Secondary Schools. By J. W. A. Young, 
Ph. D., Associate Professor of the Pedagogy of Mathematics, University of 
Chicago, and Lambert L. Jackson, Ph. D., formerly Professor of Mathemat- 
ics, State Normal School, Brockport, N. Y. 12mo. Half leather. ix+438 
pages. Price, $1.12. New York and Chicago: D. Appleton & Co. 


This book is one of the Twentieth Century Series and is quite modern in the presen- 
tation of the subject matter of Algebra. In this treatment of Algebra, the authors kept 
in mind the logical value as well as the practical utility of the subject. The practical util- 
ity of algebra has been emphasized by introducing physical formulas, and by applying alge- 
bra to modern industrial, commercial, and scientific problems, the contents of which can be 
easily understood by the student. An unusual number of diagrams and illustrations are 
used throughout the book. The problems are numerous and well selected and cover nearly 
every phase of practical life. B. F. F. 
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A Vest-Pocket Handbook of Mathematics for Engineers. By L. A. 
Waterbury, C. E., Professor of Civil Engineering, University of Arizona. 
First Edition; First Thousand. Morocco, vi+91 pages. Price, $1.00. New 
York: John Wiley & Sons; 

This little handbook is intended as a ready reference for those who have studied or 
are studying the usual mathematics in engineering courses. It contains the fundamental 
formulas of Algebra, Trigonometry, Analytical Geometry, and the Calculus. It contains a 
number of important formulas on the mechanics of materials and several valuable tables. 
The book will be found quite convenient and useful for engineers and others who make use 
of mathematics in practical ways. B. F. F. 


College Algebra. By William H. Metzler, Ph. D., and Edward D. Roe, 
Jr., Ph. D., Professors of Mathematics in Syracuse University, and Warren 
G. Bullard, Ph. D., Associate Professor of Mathematics, Syracuse University. 
8vo. Cloth. xiii+340 pages. Price, $1.50. New York: Longmans, Green 
& Co. 

Some of the characteristic features claimed for this book are, conservative use of 
graphic representation of problems in physics, thoroughness, a combination of vigor and 
pedagogy, a full list of problems, originality in the treatment of certain subjects, and an 
endeavor to train the mind of the student. 

In addition to the needs of the more advanced students, the ground required for en- 
trance to scientific courses of the leading colleges and schools is quite thoroughly covered. 

B. F. F. 


Introduction to Infinitesimal Analysis. Functions of One Real Varia- 
ble. By Oswald Veblen, Preceptor in Mathematics, Princeton University, 
and N. J. Lennes, Instructor in Mathematics in the Wendell Phillips High: 
School, Chicago. First edition. First thousand. 8vo. Cloth. vii+227 
pages. Price, $2.00. New York: John Wiley & Sons. 

This volume is designed to serve not only as a convenient reference book in courses 
dealing with the fundamental theorems of the Infinitesimal Calculus, but also as a basis for 
a short course on real functions. | By systematic use of the Heine-Borel theorem the au- 
thors have practically avoided the sequential division or ‘‘pinching’’ process commonly used 
in similar discussions. The authors aimed and, we believe secured, rigor of logic with the 
least amount of elaborate machinery. The work embraces nine chapters, of which the first 
deals with The Systems of Real Numbers; the second, with Sets of Points and of Segments; 
the third, with Functions in General—Special Cases of Functions; the fourth, Theory of 
Limits; the fifth, Continuous Functions; the sixth, Infinitesimals and Infinites; the sev- 
enth, Derivatives and Differentials; the eighth, Definite Integrals; ninth, Improper Definite 
Integrals. 


Elementary Algebra. By Frederick H. Somerville, B. S., The William 
Penn Charter School, Philadelphia. 8vo. Half leather. 407 pages. New 
York and Chicago. The American Book Co. 
E This book does not differ very essentially from the general standard of texts in dine 
bra. Inthe earlier chapters, exercises for oral drill are frequent. The introduction of 


some physical formulas will familiarize the student with the practical application of Algebra. 
B. F. F. 
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GENERALIZATION OF POSITIVE AND NEGATIVE NUMBERS. 


By DR. G. A. MILLER, University of Illinois. 


In the discussion of ordinary complex numbers it is generally made 
clear that the real numbers constitute a very special class of complex num-— 
bers, but the fact that this class is composed of all the complex numbers 
which are either positive or negative does not appear to have received suffi- 
cient emphasis. Calling « the amplitude or argument of a complex number 
we may group together all the numbers for which « has the same numerical 
value (that is, all the numbers situated on the same ray of the plane pencil 
whose vertex is the origin) and call them the « numbers. When ¢=+0, we 
obtain the positive numbers, and when «=, the negative ones. Hence the 
question arises whether we should not use the terms zero-numbers and =- 
numbers in place of positive numbers and negative numbers, respectively. 
Regardless of whether such a change of terms would be desirable it may be 
~ profitable_to consider the positive and negative numbers from this stand- 
point, and this is the main object of the present note. 

If «» represents any particular value of < it is clear that the sum of 
two 2,-numbers is necessarily an <,)-number; that is, all the numbers of the 
same ray have the group property* with respect to addition, but they clearly 
do not form a group with respect to this operation. The totality of numbers 
_ constituting the two rays <, and «,+7 evidently form a group with respect 
to either of the two operations, addition and subtraction, while the totality 
_ obtained by multiplying any one of them by all the real integers forms a 

subgroup with respect to either of these operations. With respect to the 
operations of addition and subtraction the two rays of real numbers do not 
present any group properties which differ from those of any other two rays 
which together form a straight line, but this is not the case with respect to 
the operations of multiplication and division as will appear more — from 
the following considerations. 

It should be observed that the term division is here used with its most 
common meaning; viz., as the inverse of multiplication. Since a group in- 


*Cf. Bocher, Introduction to Higher Algebra, 1907, p. 82. 
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